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Yi Introduction

Balanced truncation

» Classical model reduction problem

Hankel norm approximation

» Given G(s), find G(s) suchthat |G — G| < e
» Structure-preserving model reduction problem
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» S, :aclass of realizations that possess particular structure(s)

» Given G(s) ~ eS,, find G(s) ~

€S, st |G-G|| <e

/Positivitv preservation \ / Controller reduction \
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Structure preservation is crucial for practical approximations
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Model Reduction

Based on Singular Perturbation
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Singular perturbation approximation
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Model Reduction
Based on Generalized Singular Perturbation
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Generalized singular perturbation approximation

Impose 7 =on on 7= PAP'¢ +FAFT77 + PBu ///I Introducing parametero}
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A= PAPT 4+ PAIIAPT
B:= PB+ PAIIB

C :=CPT + ClLAPT
D:=D+CIIB
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Y., coincides with -

singular perturbation approximant if 0 = 0

projection-based (PAPT, PB,CP",D) if |o| — o




Problem Formulation

S,, : a class of n-dimensional systems that possess structure(s)

e.g.,

dissipativity,

network structure among subsystems
in the following

[Problem]

Consider a system X € S,,. Given § > 0, find a generalized singular

perturbation model Y. € S, associated with P € P™*™ such that

A

IG(s) = Go(5; P, < 0.

v/ set of projections P"*" .= {pP ¢ R"*" . pPT

l}i; n < Tl}

v/ transfer matrices of X and 3, :

G(s):=C(sl, — A)™'B+D (

~

A

. . B
CGo(s;P):=C(slp — A 'B+D &
D

~
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System Dissipativity

[Definition]
A system Y is said to be V-dissipative with respect to Q = Q" if

there exists V = O,, suchthat Fo(A,B,C,D;V) < Opym, for

Ct 0
D' I,

ATV +VA VB

FolA,B,C,D;V) :=
al ) BTV 0

Q

C D
0 In. |

v/ equivalent to %(mTVa;) < [yT uT] Q [y] along trajectory of X’
U

[Lemma]

Any V-dissipative > has a realization that is 7, -dissipative w.r.t. () .

v Cholesky factorization V = ViV, : 2'Va = (Viz)' I, (Vi)

2
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Dissipativity Preservation

[Theorem]
Let ¥ be given, and suppose that itis [,-dissipative w.r.t. ().

If 0 >0 and P e P"*" satisfies im(CT) C im(P"),

then 3 is I, -dissipative w.r.t. Q.

v If im(CT) Cim(PT), 3, admits projection-like formula:

(A, B,C, D) = (PAPT — oPAI(PAINT, PB,CPT, D) where P := P+ PAIL

Vi oo P
V-dissipative Y. | «— | I,-dissipative ¥ > | I;-dissipative 3
coordinate ! generalized
transform singular

perturbation  How much error?

_______________________________________________________________



Error Analysis

[Theorem] The error system can be factorized as

) Z,(s; P)P PX,(s)
G(s) —Go(s;P)=1q . T _
(25(s; PYA4+C)P 07" PX,(s), ifo#0

=,(s: P) = C(sl — A~ (P + PAII) + C1I
where
X, (s) := (01, — A)(sI, — A)~'B — B.

coordinate .
— | Gs) | G(s) — Go(s: P)
[ transform -
Yy —1 l u y—vy U
«—0 — <é:::::;> — >k «— j< «—
L G, (s; P) |+«

v Expect: error y — ¢ will be small if P € P**" is chosen so that

HFXU(S” is sufficiently small (while || « || is bounded)
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Error Analysis

[Theorem] The error system can be factorized as

(s: PYP ' PX,(s)
(E,(s;P)A+O)P o 'PX,(s), ifo#0

>[I

G(s) — Gy(s; P) = {

=,(s: P) = C(sl — A~ (P + PAII) + C1I
where
X, (s) := (01, — A)(sI, — A)~'B — B.
[Theorem] Vol e <7 & || #|u. <e

A+ AT+~ Y1, +CTO)

Let v > 0 such that O, >~
7 {A+AT+71(AAT+CTC), if o #0.

Define @, :=(cl,— A)W(cl,—A)" for W such that AW +W A"+ BBT= 0.

| | tr(®,) — tr(P®,PT
If im([B,CT]) Cim(P") and «¢ { ,\Q 1"1 /(@ ! ) — tr P(i) +PT), if 0 #£0
then 1G(s) — Go(s; P)|l3e, < 7e.

Eigenvalues of P is related to approximation error
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Remarks

» Eigenvalue decomposition of @, = (o1,— AW (c1,—A)"
» leadsto P € P> that achieves ||G(s) — G, (s; P)|lx, < ~ve forgiven ¢
» € :design criterion to regulate approximating quality

» Generalization to network structure preservation

» allows application to controller reduction problem

U @ @ v, block-diagonal ‘ .
\ / Pdiag(pl,.:..,m @ @

&)—&) H
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Application to
Structured Passive Controller Reduction

U Uy U Y

e
u,‘ \z a?“ =
El —_— 21
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* *

XL YL

U Q _y%
4 N

X6 < dp } 23|

Y 4 |
Original Closed-Loop Approximate Model
Y.p: Passive plant (Xp, {21 }ieL) (Zp, {21 }ien)
Y; : Passive controller e

By virtue of dissipativity & network structure preservation:

Find an approximate model (Zp, {Z:}:c1.) such that
each ¥; remains passive and y — 7 is small enough in H, -sense.
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Numerical Example

Vibration suppression control:

Y p : passive (100-dim.)

Q— NN

(40-dim.) |>1]: passive

E—— e —

[Output Y1 ]

05 |*

Uncontrolled

TP T T T T T gL eF T TTTTTrrT
LIy

ControIIed

(supp‘osed to be de5|rable)

|
|
|
passive: [>,| (60-dim.) 0

Bridge S ”
:
XXX ;2 XX KKK KKHKKK KKK XX ;
N y
Y, ma i >,

Limited sensor & actuator allocations

2

4 6
Time

8
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Numerical Example

Vibration suppression control: [Output Y1 ]
i Uncontrolled
Ep passive (100-dim.) 05 |%
i | ' ‘ .
10 ] o R Y S AN
N\
JANA@D) = ANEANE AN =@V
/] MNHL Mﬂm N sl “Controlled
/ NN N | (supposed to be de5|rable)
(40-dim.) |>1]: passive passive: [>,| (60-dim.) 0 2 4 6 8
Time
[D|m of & 22] [Approximation error] [Output 71 of approx. model]
' ' o1t decreaSes as 05 Approx. controllers
008 |\ ¢ decreases (passive, 5- & 6-dim.)
0.06 \‘ 0 V- .
0.04 '\k, | | Original closed-loop
0.02 * { 0.5}
O K'w-.ﬂi\k Ie§s than-ll% error
’ 10° 10" 107 10° 0 2 4 6 8
€ (design criterion) € (design criterion) Time
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Numerical Example

Vibration suppression control: [Output Y1 ]
. , i Uncontrolled
Y p: passive (100-dim.) 05 |%
T S N ‘. ‘ 2 I
10 ] % B N S A
/] K’le' B YN /Controlled
/]! S N B zL;[l~9 N 05t S . _
I . 2 | 2NN | (supposed to be desirable)
(40-dim.) |>4|: passive passive: |Xs| (60-dim.) 0 2 4 6 8
Time
[Output 71 of approx. models] [Output 7, of approx. models]

Our controllers

0.5 (passive, both 2-dim.)

Our controllers
(passive, 5- & 6-dim.)

0 ! - -~ aaiesnionadberal —:-—“T'_ et acit L
Balanced truncation I
—05} - (not passive, 5- & 6-dim.) {  -0.5} i Balanced truncation
| | | (not passive, both 2-dim.)
0 2 4 6 8 0 2 4 6 8
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Yi Concluding Remarks

» Generalized singular perturbation approximation includes:
» standard singular perturbation
» projection-based model reduction
» Structure-preserving model reduction
» dissipativity, network structure among subsystems
» apriori Hy-error bound
» Application to distributed passive controller reduction
» vibration suppression for interconnected second-order systems
» preservation of passivity and closed-loop performance

Thank you for your attention!
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